
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



NOTE ON THE DERIVATIVES WITH RESPECT TO A PARAMETER OF 
THE SOLUTIONS OF A SYSTEM OF DIFFERENTIAL EQUATIONS. 

By T. H. Gronwall. 

1. For a single equation, Dr. Ritt has solved the problem indicated in 
the title by a very simple and direct method which presupposes only that 
the solution of the equation has been proved to exist, but makes no use of 
the properties of the particular type of approximations on which this 
existence proof is based. Being founded on the integrability of a linear 
differential equation of the first order by quadratures, Dr. Ritt's proof 
cannot be extended immediately to a system of equations. It is the purpose 
of the present note to show how this difficulty may be overcome; similar 
proofs of the differentiability of the solution with respect to the initial 
values of both dependent and independent variables are also given. 

2. In the following, the subscripts X, ix, v will take the values 1,2, ••-,«. 
Let a be a parameter, and consider the system of differential equations 
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We also assume that it has already been proved that the equations (1) 
possess a unique system of solutions with the given initial conditions, defined 
on the interval (xo, xo + h) and each y^ assuming, ior Xo ^ x ^ xo + h and 
every a in (oi, 02), only values between y^'> — K and yj^ + k^. Then the 
'partial derivatives dyjda all exist and satisfy the differential equations 

(4) ^(^) = 'EU(^; yu ■••>yn; a)j^ + U(x; yi, ■■■,yn] a) 
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with the initial conditions 

(5) S " ^ ^^^ ^ " ^''• 

We begin by proving the following lemma : when, for Xo ^ x ^ Xo + h, 
the continuous function z = z{x) satisfies the inequalities 

(6) ^z^ r (Mz + A)dx, 

where the constants M and A are positive or zero, then 

(7) ^z ^ Ahe''\ ix<i ^x^xo + h). 

In analogy to the process of integrating a linear differential equation of the 
first order, we make z = e^(^-=^o).^. \qi ^j^g maximmn of f on the closed 
interval {x^, Xo + h) occur at a; = Xi. For this value of x, (6) gives 

s e^'<^'-^»'-f„,^ ^ r ' {Me'"^"'-'"^^ + A)dx, 

whence by the first theorem of the mean 

< e^^(^'-^«>f„,, S f„,, rMe"^'-^«Hx + P Adx 

= ro,ax (e"<^'-^«' - 1) + yl(xi - xo), 
or finally 

S f„,, ^ A(xi - Xo) S Ah, 

from which (7) follows at once. 

By (1) and (2) we have 



y. 



= Vy" + I fiix; Vi, ■ ■ ■, y„; a)dx; 



denoting by y/ the solutions of (1) where the parameter a has been replaced 
by a' (tti ^ a' ^ a^) but the initial conditions remain unchanged, it follows 
that 

2// - y. = j [fv{x; Vi, ■■•, Vn'; a) - f,{x; yi, ■■■, ?/„; a)]dx 
and consequently 



wnere j^^ j,,^ i^x, j^im^, • • •, '7„n„, 0;^^)) jov Jov \^> Vioy> ' ' '> Vnov'> '^ovj 
and the arguments rj^^^, a^^ are intermediate between y^ and y/, a and a' 
respectively. 
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Now denote hy M a constant not less than any of the expressions 
n|/^„|, and by A a constant not less than any of the expressions |/„J for 
all values of x, yi, • • •, ?/», a in the region (3). Moreover, denote by 
z = z(x, a, a') , where x is variable, the greatest of the n expressions 

y/ - I 



for fixed values of a and a' ( + a), this z is evidently a continuous function 
of X in (xo, Xo + h). With these definitions of M, A and z, (8) immediately 
leads to (6), the lemma becomes applicable, and (7) gives 



(9) 



Vv - Vv 



a — a 



Ahe" 



In particular, it follows that the y^ are uniformly continuous functions of a. 
By the existence theorem, the system of differential equation 
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dx 



- = Hfi^.i^i yi, • • •> 2/n; a)Y^ +Uix; yi, ■ ■ ■, yn; a) 



with the initial conditions 

(5') 7, = for X = Xo 

has a unique solution for x in {xo, xo + h) and a in (ai, a^). Our theorem is 
therefore proved if we show that 

dyy 



(10) 



da 



= Y^. 



(11) 



dx 



From (8), (4') and (5') it follows at once that 

y/ - y^ V - ri^T fy'^' ~y'^ -V \ 

a' -a ^•'-Xl^^'''\'^^^^ """J 

T Z^ \Jiiv Jiiv) •' M ~r J 01' Jof I 

and on account of the continuity of y^ in respect to a and the continuity of 
f^^, /„„ in their arguments, we may make each of the n expressions 

less than any assigned e by taking \a' — a\ sufficiently small. Denoting 
now by 2 = z{x, a, a') tlie greatest of the n expressions 



y. 



1_v y 



a — a 
this 2 is a continuous function of x for fixed values of a and a', (11) leads to 
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(6) with A = e, and (7) gives 

K ~ ^^ -Y^< ehe"'' 
a — a I 

imiformly for a, a' in (ai, 02), and this last inequality is equivalent to (10), 
which proves the theorem. 

3. We now proceed to prove that the partial derivatives dy/dy^" all exist 
and satisfy the differential equations 

(12) i{^o) = Zf..(^;yu--;y.;a)'^, 

with the initial conditions 

(13) — = .,, = 1^^^^^ for x = x,. 

This follows immediately from the preceding theorem by the substituting 

2/. = 2. + y^", 
which gives the differential equations 
dz^ 



dx 



= fXx; zi + yi", ■ •'■, Zn + Vn^; a) 



with the initial conditions ^^ = for a; = Xt^. Regarding y^ as the param- 
eter in the preceding theorem, we find 



dx 



Uy^v ^•^'"'V^?/}"'"'"'/ 



with the initial conditions dz^jdy^ = for x = Xo, whence (12) and (1,3). 

4. Finally, supposing the continuity and existence conditions which 
hold in (3) to be fulfilled also in the extended region 

xa — hi -^x ^Xa-\- h, y^" — k S y^ S y^ + k, ai ^ a S a-i, 

the partial derivatives dy^/dxo all exist and satisfy the differential equations 

(14) ^ (2;) = ?-^-(^'' y^'---' y^' «) £ 

with the initial conditions 

(15) j~^ = -f,{xo; yi", ■■■, yn"; a) for x = Xo. 

Let yj be the solutions of (1) when Xo is replaced by Xo', all yj* remaining 
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the same; then we obtain in the same manner as (8) was found 

yJ - y. rf'^^'' 2/1'' • • •> 2/n'; «) --A(^; i/i* • • •> ^n; «) ^^ 



iCo' — Xo X„ Xa — Xo 



r 

1 /""»' 

•Co -Co./jo 

Using the auxiUary system 

da; ^•''"•■' " 
with the initial conditions 

Yy = - fyixo; yi", ■■■, yn"; a) for x = xo, 

the proof then proceeds exactly as before. 



